ZIG-ZAG CHAINS AND METRIC EQUIVALENCES BETWEEN 
ULTRAMETRIC SPACES 



ALVARO MARTINEZ-PEREZ 



Abstract. We study the classification of ultrametric spaces based on their 
small scale geometry (uniform homeomorphism), large scale geometry (coarse 
equivalence) and both (all scale uniform equivalences). We prove that these 
equivalences can be characterized with parallel constructions using a combi- 
natoric tool called common zig-zag chain. 
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1. Introduction 

When one defines continuity for a function on a metric space, one neglects a 
great deal of the information contained in the metric focusing on the small scale 
structure. In fact, if d is a metric then so it is d' = minjd, 1} and this change won't 
affect continuity nor the topology of the space. 

The dual situation appears with homologous maps, where we pay attention only 
to the large scale geometry. If we consider the metric d' = maxjd, 1} all the 
topology of the space is lost, but we still keep all its large scale properties. For a 
further development of this, see 

Thus, uniform category and coarse category are partial and somehow dual as- 
pects of the whole picture. To depict both scales we use all scale uniform maps, 
which are both, uniformly continuous and homologous. 

In this paper, we consider three categories of ultrametric spaces. 

• Ci: Complete ultrametric spaces and all scale uniform maps. 

• C2: Ultrametric spaces and surjective homologous multi-maps. 

• C3: Complete ultrametric spaces and uniformly continuous maps. 
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The idea is to characterize equivalences in these three categories using the same 
combinatorial technique and the same arguments, presenting categories C2 and C3 
as partial representations of the geometry in Ci . 

Let us recall here the definition and basic properties of ultrametric spaces. 

Definition 1.1. If{X,d) is a metric space and d{x,y) < ma.x{d{x , z) , d{z , y)} for 
all x,y,z ^ X, then d is an ultrametric and {X,d) is an ultrametric space. 

Lemma 1.2. (a) Any point of a ball is a center of the ball. 

(b) // two balls have a common point, one is contained in the other. 

(c) The diameter of a ball is less than or equal to its radius. 

(d) In an ultrametric space, all triangles are isosceles with at most one short 
side. 

(e) Sria) = U B^^rix). 

xeSr-ia) 

(f) The spheres Sr{a) (r > 0) are both open and closed. ■ 

There is a well known correspondence between ultrametric spaces and trees. In 
an ultrametric space, for any pair of intersecting balls one will contain the other 
and hence, considering partitions of the space with shrinking diameter we obtain a 
branching process which can be modeHzed by a tree. 

In the bounded case, B. Hughes stablishes some categorical equivalences in |4], 
which capture the geometry of trees at infinity and local geometry of ultrametric 
spaces. 

From a more topological point of view, in fZj, it is proved that there is categorical 
equivalence between complete ultrametric spaces of diameter < 1 with uniformly 
continuous maps and rooted geodesically complete R-trees with classes of rooted, 
continuous and metrically proper maps. Hence, uniform homeomorphisms between 
bounded ultrametric spaces, can be characterized by some kind of metrically proper 
homotopy equivalence between the trees. The technique to do this uses a function 
called modulus of continuity which is associated to any uniformly continuous map. 
This idea is used here in a generahzed way defining what will be called expansion 
function. 

In [1] Taras Banakh and Ihor Zarichnyy characterize coarse equivalences of ho- 
mogeneous ultrametric spaces by some intrinsic invariant of the spaces called sharp 
entropy. They do this using induction on partially ordered sets called towers. In 
a sHghtly different approach, these objects are treated here as chains instead of as 
ordered sets. 

Trees are also related to chains and inverse sequences. In [8j it is proved an 
equivalence of categories between inverse sequences and rooted geodesically com- 
plete R-trees oriented to a geometric description of the shape category in Mardesic- 
Segal approach (see ^). In this paper, we defined a functor from maps between 
trees to morphisms of inverse sequences related to the construction used here. 

A directed chain {X^, $fc) is a collection of sets Xk A; £ Z and maps $fe : Xk — > 
Xk+i fc g Z. The direct limit, limXfc, is the disjoint union of the X^'s modulo some 

equivalence relation for any pair of points Xi G Xt, Xj £ Xj, 

Xi ~ Xj if there is some k > i,j such that fk-i o • • • o fi{xi) — fk-i o ■ ■ ■ o fj{xj). 

Definition 1.3. A D-chain {Xk, $fe) is a collection of sets Xk fc £ Z and surjective 
maps ■ Xk Xk+i, fc G Z, such that \imXk is trivial. 
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Hence, using all fc e Z we characterize the all scale uniform type of U, and if we 
want to focus only on the large scale or the small scale structure, we only need to 
restrict ourselves, roughly speaking, to one side of the chain. 

Definition 1.4. A Z?+-chain (X„,<i>„) is a sequence of sets Xn and surjective 
maps <i>„ : X„ — > Xn+i such that limX„ is trivial. 

Definition 1.5. A Z3_-chain (X„,p„) is a sequence of sets Xn and surjective maps 

: Xn+l Xn. 

Definition 1.6. Given a D-chain (Xk, ^k) and an increasing function a: Z ^ Z, 
the D-chain defined by the sets Xa(k) and the maps 4>k — <f>a{k+i)-i o • • • o ^a(k) 
will be called an a-sub-D-chain. 

Definition 1.7. Given a D+-chain (X„,$„) and an increasing function a: N ^ 
N, the D+-chain defined by the sets X^i^n) and the maps 4>n = 4'a(n+i)-i°' • ■°'^a(n) 
be called an a-sub-I?-|--chain. 



Definition 1.8. Given a D_-chain (X„,$„) and an increasing function a: N 
N, the D --chain defined by the sets ^c((n) O'fid the maps 4>r. 
be called an Q;-sub--D_-chain. 



•0$ 



Remark 1.9. When there is no need to specify the map a and it is clear from the 
context whether we are considering Z3-chains, Z)+-chains or /^--chains, we will 
call these just subchains. 

The following definitions are adapted from [5]. 

Definition 1.10. A D-chain {Zk,Vk) is a common zig-zag Z?-chain of the D- 
chains (X„, <&„), (y„, ^Pn) if there are increasing maps a, (3: 1^ ^ 1^ and subchains 
(X„(fe),$fe),(r^(fc),t'fe) with 



X 



if i is odd, 
if i is even. 



such that the following diagram commutes 



X. 




/9{fc-l) 




ti(fc + l) 



Ypik) 




Y0(k + \) 



Definition 1.11. A D+-chain {Zn,Vn) is a common zig-zag ZJ^.-chain of the 
D+-chains (X„, $„), (y„, VPn) if there are increasing maps a, (3: Z+ Z+ and 
subchains (Xq(„), $„), (F^(„), *„) with 



Z., = 



X 



Yr- 



if i is odd, 
if i is even. 



such that the following diagram commutes 



X, 



:(2) 



X, 



:{3) 








Ym) 



Yr. 



/3(2) 



Yr 



/3(3) 
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Definition 1.12. A D^-chain {Zn, V„) is a common zig-zag /^--chain of the -D-- 
chains {Xn, $„), (Fn, «/ i/iere are increasing maps a, (3: N ^ N anrf subchains 

{Xa(n),^n), (yp(n),'^n) wtth 

^ \ ^a{t^) «S odd, 

I r^(^) j/i is even, 

such that the following diagram commutes 




^8(1) < y8(2) < ^3(3) 



The main result would be that two chains represent the same class of ultrametric 
space in the category Ci, C2, C3 respectively if and only if there is a common zig-zag 
chain (Z3-chain, Z)+-chain or ^--chain) of them. 

Notation 1.13. We will denote by {Xk,^k) ^z-z {Yk,^k) if there is a common 
zig-zag chain of the chains {X^, ^k), {Yk, ^k)- 

This is related to some results in [ij. In their work, they consider towers as 
ordered sets, which is just an alternative definition for what here is called 
chain. Also, we define here the end space of a chain and an ultrametric on it which 
is not exactly the same as they do. 

Lemma 2 in [T] states: 

Proposition 1.14. Let (j): Ti T2 he an admissible morphism between towers 
Ti,T2. Then, the restriction <i> — (I)\iti] '■ [Ti] [J2] is an asymorphism. ■ 

Here we proof that there exists an admissible map if and only if there is a common 
zig-zag -D+-chain for the Z?+-chains corresponding to the towers Ti,T2 and that 
this implies a partial converse to 11.141 

2. Expansion functions 
Let us recall first some definitions in coarse geometry. 

A map between metric spaces / : X ^ Y is metrically proper if for any bounded 
set AeY, f^^{A) is bounded in X. 

A map between metric spaces / : X ^ Y is bornologous if for every i? > there is 
S" > such that for any two points x,x' ^ X with d{x, x') < R, d{f{x), f{x')) < S. 

A map is coarse if it is metrically proper and bornologous. 

Two maps between metric spaces f,g: X ^Y are close if sup^^x {d'if i^) 1 9i^)) < 

00 

A coarse map f : X ^ Y is a coarse equivalence if there is a coarse map g: Y ^ 
X such that g o f is close to idx and f o g is close to idy- If there are such maps, 
then X, Y are coarse equivalent. 

But this in not the only way to define coarse equivalence between metric spaces. 
In this section, in order to describe in the same terms the categories Ci, C2 and C3, 
we will use the following definition with multi-maps, as in [T]. 

By a multi-map ^ : X ^ Y between two sets X, Y we understand any subset 
$ C X X y. For any subset A C X,hy ^{A) = {y £ Y : 3a e A with (a, y) G $} 
we denote the image of A under the multi-map The inverse <i>^^ . Y ^ X to 
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the multi-map $ is the subset = {(y, x) e Y x X : {x, y) e ^} C Y x X . For 
two multi-maps ^ : X ^ Y , : Y ^ Z the composition o $ is defined as usual: 

• o $ = {{x,z) e X X Z : 3y eY such that {x.y) e $ and {y,z) £ 

A multi-map is called surjective if ^{X) = Y and bijective if <& C X xY coincides 
with the graph of a bijective (single-valued) function. 

Definition 2.1. Given a multi-map $ ^ F between metric spaces, a non- 

decreasing function Qii,: J [0, oo) with J = [0, 5*] or J ~ [0, oo) is called expansion 
function i/VA e X with diam{A) e J, diam{^{A)) < gq,{diani{A)) . 

Definition 2.2. A multi-map $ : X => F between metric spaces is called 

• homologous if there is an expansion function g$ : [0, (X)) [0, oo). 

• an asymorphism if both <i>,$~^ are surjective bornologous multi-maps. 

The following characterization is contained in Proposition 2 in [IJ. 

Proposition 2.3. For metric spaces X,Y the following assertions are equivalent: 

• X and Y are asymorphic. 

• X and Y are coarse equivalent. ■ 

Remark 2.4. Thus, equivalences in C2 are, in fact, coarse equivalences of ultra- 
metric spaces. 

Definition 2.5. $ is called all scale uniform if there is an expansion function 
p$ : [0, 00) — > [0, 00) such that f?$(i) = and limt^o ^?*(^) = 0. In this case, since 
p$(t) — 0, ^ is a single-valued map. If is also all scale uniform we say that 
X,Y are all scale uniform equivalent. 

Definition 2.6. A map f : X Y between metric spaces is uniformly continuous if 

V e > there exists some S > such that for any pair of points x, y with dx{x,y) < S 
then dyifix), f{y)) < e. 

Proposition 2.7. A map ^: X —^Y between metric spaces is uniformly contin- 
uous if and only if there is an expansion function : [0, S] — » [0, i] such that 
p$(0) = and limt^o f?$(i) = 0. 

Proof. The if part is obvious. 

If <& is unifomly continuous here is some > such that for any pair of points 
x,y such that dx{x,x') < S then dY{f{x),f{x')) < i. Thus, it suffices to take 
£»$(i) := sup J, M<i>(x),$(x'))}. □ 

3. All scale uniform equivalences 

Given an all scale uniform map $ and an expansion function £i$ : [0, 00) [0, 00) 
such that g<s>{t) = and limf^o Q'S>{t) = 0, let us define : Z — > Z as follows, 

(1) -f,,{k):=[log2{g<,{2''))] + l 

where [t] stands for the maximal integer less or equal than t. Hence, for all 
points x,x' e X, if dx{x,x') < 2^ then dy^f (x), f (x')) < 2Tei>W and 7^^ is 
non-decreasing. Then limfc^_oo 7^4, (fc) — —00 since $ is uniformly continuous and 
we may assume, with no loss of generality, that limt_^oo g$(i) = 00 and therefore 
lim„^oo 7e* (") = 00 ■ 
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Remark 3.1. If ^ is an all scale uniform equivalence between unbounded metric 
spaces then necessarily lirtij^oo ^4> (i) = oo since is a homologous surjective 
map. 

There is a correspondence between complete ultrametric spaces and D-chains. 
Let U be an ultrametric space. For each fc e Z let Xk be the partition of U in balls 
of radius 2'^. Let $fc : Xk X^+i the map canonically induced by the inclusion for 
any A; S Z. {X^, will be called the extended chain associated to U. Conversely, 
given a Z)-chain we can obtain an ultrametric space as follows. 

Let us define the end space as follows: 

end{Xk,^k) ■= {ixk)kei- \ Xk e Xk and $(xfe) = Xk+i}, 
and let us define the metric 

D{{xk), iVk)) = where fco = min{fc : Xk = Vk}- 
D is well defined since lim(Xfe, $fe) is trivial, and clearly, D is an ultrametric. 

Proposition 3.2. If{U,d) is a complete ultrametric space and {Xk,^k) is the D 

chain associated to U, then {U,d) and {end(Xk,'S?k), D) are bi-Lipschitz equivalent. 
In particular, they are all scale uniform equivalent. 

Proof. First, note that if {U, d) is complete there is a bijection i: U ^ end{Xk, $fc). 

By the properties of the ultrametric, d{x, y) < 2^ if and only if the points are in 
the same ball in the partition Xk- Hence, d{x,y) < D{i{x),i{y)) < 2d{x,y). □ 

Definition 3.3. A morphism of D-chains {fk,o'): {Xk,^k) (^^fcj^fe) consists of 
a non- decreasing function cf.'L^'L such that limfe^_(x, = — oo and limfe^oo = oo, 
and maps fk '■ Xk — > Yaik) such that the following diagram commutes: 

Xk-i — > Xk — > Xk+i — > 




> ^ct()c-1) >■ ■ ■ ■ > ^CT(fc) >■ ■ ■ ■ >■ + 

Remark 3.4. Notice that although in this definition a{k) and a{k+ 1) may be the 

same for some k, using that limfe^_oo = — oo and limfe^oo = oo then for some 
function a, we may assume that a is increasing when restricted to the a-subchain. 

Lemma 3.5. // {Xk,^k) is a D-chain, a: —>■ is an increasing map and 
is the a-subchain, then end{Xk,^k) is all scale uniform equivalent to 
end{Xa(k),^k)- 

Proof. Consider the canonical map i: end(Xk, "I>fe) end{X„(^k)j ^fe)- 

Let us define the function A: Z ^ Z such that A[z) = min{/e : a{k) > z}. 
Since a is increasing, it follows that A is non-decreasing, lim^^-oo A(2;) = — oo 
and Hm^^cc A(-z) = oc- Now, consider the function T: [0, oo) [0, oc) such that 
r(0) = and for any x £ (2'^-!, 2'^], r{x) = 2^^. Clearly F is non-decreasing, 
limj;^or(a:) = and lim2;^oor(x) = oo. For any two end points (xk),{yk) € 
end{Xk, with D{{xk), (yk)) = 2^° the distance between their correspondent sub- 
sequences i{xk) = {Xa{k)),i{yk) = (2/a(fc)) is exactly D'{{xa{k)), {ya(k))) = r(2'=o) = 
2A(fco) Then F is an extension function for i: end{Xk, $fe) end{{Xa(k)j^k)) and 
i is an all scale uniform map. A similar argument works for . □ 
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Proposition 3.6. Consider two complete ultrametric spaces Ui, U2 and let {Xk, ^k), 
(Yfej^'fe) be their associated D-chains. Then, there is an all scale uniform map 
f: Ui — > U2 if and only if there is a morphism of D-chains {fk,<y)'- {Xk,^k) 

Proof. If there is an all scale uniform map <i> : J7i ^ C/2, consider the map 7^^ : Z 
1 from llj. Let us consider a = 7^^ . Then, <& induces maps /fc : ^^(fe) canon- 

ically as follows: by construction, any point G X-^ represents a ball B{xk) of 
radius 2*^ of J7i, and by the properties of the ultrametric, this ball has diame- 
ter less or equal than 2*^. By the definition of 7^^, if diam{B{xk)) < 2*^ then 
diam{^{B{xk))) < 2'''e*('^' = 2'^^'^) and, since Y^i^^) is the partition of U2 in balls of 
radius 2'^^''\ there is a unique point ycr{k) G ^cr(*:) such that $(i?(xfe)) C B{y^(^k)). 
Then, the map fk such that fk(xk) ■= ya{k) is well defined and it is surjective 
because $ is surjective. It is immediate to check that the diagram commutes. 

The morphism {fk,<^) induces a map end{Xk,^k) — > end{Yk,'i>k) where 
^{{xk)) is the unique sequence (yk) G end(Yk,'^k) such that y^(k) = fk{xk)- Now, 
for any t G (2*^-1, 2*^], k e Z, let gg,{t) = 2'"('=) and gg,{0) = 0. It is readily seen 
that gi$ is an extension function and <& is an all scale uniform map. From Lemma 
13.51 together with Proposition 13.21 it follows that there is an all scale unifom map 
f:Ui^U2. □ 

Lemma 3.7. If ^: X ^ Y is an all scale uniform equivalence then there are 
increasing maps a{^),f3{^^^): Z ^ Z such that 7^4. < 7e^_i (/?(*)) ^ 

a{i + 1) for every i £ Z. 

Proof First, let a(0) = and /3(0) = 7$(0). 

If we have defined a{i — — 1) for any z > then, it suffices make a{i) = 

max{Q!(i — 1) + 1, 7$-i (/3(i — 1))} and = max{/3(i — 1) + 1, 7$(a(i))}. 

Since limk^-ooJ^-^{k) — —00 for any a{i + 1) there exist some ka(i+i) such 
that for any k < ka(i+i), 7$-i(A:) < a{i + 1). 

Since lim,k~^~ool<i{k) = —oo for any there exist some kfj(^i) such that for 
any k < kp^i), j^ik) < (3{i). 

If we have defined a{i + 1), /3(i + 1) for any i < then, it suffices make = 
min{/3(i + 1) — 1, fcQ(i+i) } and a{i) = min{Q;(« + 1) — 1, fc^(i)}. □ 

Proposition 3.8. // {Xk,^k)AYk,'^k) are two D-chains, then {Xk,^k) ^z-z 
(Yk, ^k) if and only ifend{Xk, $fc) and end{Yk, ^k) are all scale uniform equivalent. 

Proof. If {Zk,(j)k) is a common zig-zag ZJ-chain, it suffices to check that end{Xk^k)) 
and end(yfe,^'fc) are all scale uniform equivalent to end{Zk,(t)k) and this follows 
immediately from Lemma [3751 

Now, suppose that there is an all scale unifom equivalence end{Xk,^k) 
end(Yk, ^fc). By Lemma [3771 there are increasing maps «($), /9($~'^) : Z ^ Z such 
that 7e* < Ig^-i (/?(«)) < ot^+i for every i G Z. 

Therefore, $ and <i>^^ canonically induce unique surjective maps V2t-i : Xa(i) 
Y3(i) and V2i. y/3(i) Xa{i+i). Since $ is a bijection, Vk+i oVk coincides with the 
map induced by inclusion and therefore, making Z2i-i = -^Q(i) and Z2i = 
(Zfc, Vfc) is a common zig-zag D-chain of {Xk.^k), (Yfc, □ 



From this, and Proposition 13. 2[ it follows: 
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Theorem 3.9. Two complete uUrametric spaces are all scale uniform equivalent if 
and only if there is a common zig-zag D-chain between their associated D-chains. 

m 

Let (Xfe, ^k), {Yk, ^k) be two D-chains and {Zk,Vk) a common zig-zag ZP-chain 
with increasing maps a,/3: Tj^Tj such that Zik-\ — Xa(k) and Z2k = ^/3(fe)- Let 
us define 

fz: end{Xa{k),^k) ^ end{Yi3(k),^ k) 

such that for any end point {xa{k)) e end(Xa(k),^k), fz{{xa{k))) = {'^2k-i{xa(k))) G 
end(Y3(fe),^fe). 

Let us recall that a function between metric spaces f:X F is called hi- 
Lipschitz if there is a constant K > such that for any pair of points x,x' e X, 

■ dx{x, x') < dy{f{x),f{x')) < K ■ dx{x, x'). If there is such a map, we say that 
X,Y are bi-Lipschitz equivalent. 

Proposition 3.10. Given two D-chains {Xk, ^k), {Yk, ^'fc), then their end spaces 
end{Xk,^k) and end{Yk,'^k) are all scale uniform equivalent if and only if there 
are increasing sequences a, (3: Z ^ Z such that end{Xa{k), ^'fc) and endiYp^k), ^k) 
are bi-Lipschitz equivalent. 

Proof. If end{X^(^k)i^k) and end(Yfj(^k),'^k) are bi-Lipschitz equivalent, then they 
are, in particular, all scale equivalent and so they are end{Xn, $n) and end(Yn, ^'n) 
by Lemma [3751 

If end{Xk,^k) and end{Yk,'^k) are all scale equivalent then, by Proposition 
13.81 there is a zig-zag common D-chain {Zk,Vk) defined by sequences a, (3. The 
map fz - end{Xi^i^k)i^k) — * e?id(y^(fc), ^fc) defined above holds that for any pair 
of end points (x^f^k)), {ya(k)) e end{Xa(^k),^k), DT(i3){fz{{xa{k))), fz{{ya(k)))) < 

DT(a)iXa{k),ya(k)) < '2' ' DT((3){f z{{x ^(k))) , f z{{ya(k)))) ■ □ 

Corollary 3.11. Two uUrametric spaces J7i, C/2 are asymorphic if and only if there 
are increasing sequences a,/?: N — > N such that, for {Xk,^k),{Yk,'i'k) their asso- 
ciated D -chains, end{X^(^n)7^n) anrf end(F^(„), are bi-Lipschitz equivalent. ■ 

This can be translated into relations between ultrametric spaces avoiding D- 
chains. Proposition 2.2 in pi] states 

Proposition 3.12. Let {X,d) be a metric space. The metric d is an ultrametric if 
and only if f{d) is a metric for evey nondecreasing function f : M+ M+. ■ 

In particular, the new metric is also an ultrametric. Given an ultrametric space 
(U,d) and a non-decreasing map /: IR.+ R^, let us denote this new ultrametric 
as df, where df{x,y) := f{d(x,y)). 

Let {U,d) be an ultrametric space and an increasing map "f. "L "L. Let us 
define /-y : M+ ^ N a non-decreasing function such that for any t € (2'*''^'^^^^, 2'''*^'^)] 
f{t) = 2^ for every k. Let us denote simply by (C/, c?(7)) the ultrametric space 
{U, df^) which depends only on the original ultrametric and 7. 

Thus, from Corolarv l3.11l we obtain that. 



Corollary 3.13. Two ultrametric spaces (C/i, rfi), (J72, ^2) are asymorphic if and 
only if there are increasing maps 71, 72 : Z — > Z such that (t/i, rfi (71)) and {U2, ^2(72) 
are bi-Lipschitz equivalent. ■ 
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4. Coarse equivalences 

In this section we treat the category C2. All we do, is to consider only the 
right side of the chain in the previous section and adapt the construction in some 
technical details. 

Given a homologous multimap $ and its expansion function g,j>, let us define 
: N ^ N as follows, 

(2) 7e*W:=[/052(e*(2"))] + l. 

Hence, for all points x,x' e X, ifdx{x,x') < 2" then dY{f{x),f{x')) < 2^6- (") and 
7g<ij is non-decreasing. We may assume, with no loss of generality, that lim^^oo Q>s>{t) = 
00 and therefore lim„_>oo 7e^(?^) = 00. 

Remark 4.1. If ^ is an asymorphism between unbounded metric spaces then ne- 
cessarily limt^cxs Q^{t) = 00 since is a homologous surjective map. 

There is a correspondence between ultrametric spaces and I?+-chains. For each 
n € N let Xn be the partition of U in closed balls of radius 2". For each .t„ e Xn 
let us denote by B{xn) the associated closed ball in U. Let $„ : Xn Xn+i the 
map canonically induced by the inclusion for any n G N. (X„,$„) will be called 
the D+-chain associated to U. Conversely, given a D+-chain we can obtain an 
ultrametric space as follows. 

The end space is: 

end{Xn,^n) ■= {{Xn)neN \ Xn e Xn and ^{Xn) = Xn+l}, 

and the metric 

D{{xn), {Vn)) = 2"° where no = min{n : Xn = Un}- 
D is well defined since lim(X„,$„) is trivial and (enrf(X„, $„), Z)) is an ultra- 
metric space. 

Proposition 4.2. If U is an ultrametric space and is the D^-chain 

associated to U, then U and en(i(X„, $„) are asymorphic (i.e., coarse equivalent). 

Proof. Consider the multi-map end{Xn, ^'n) where $ := {{x, {xn)nen)\x S 

B{x\)}. Thus, if diam{A) < 2 then there exists some x\ such that A C B{x\) and 
diam{^{A)) = 0. If 2" < diam{A) < 2"+^, then for each .t„ e X„, A ^ B{xn) 
and, by the properties of the ultrametric, there is a unique Xn+i & Xn+i such that 
A C B{xn+i) and therefore, diam{^{A)) = 2"+^ for every n > 1. Hence, $ is an 
asymorphism. □ 

Definition 4.3. A morphism of D+-chains {fn,cr)'- (Xn , $„) {Yn,'in) con- 
sists of a non- decreasing function a: N ^ N such that lim„^oo = 00, and maps 
fn ■ Xn — > Y^(^n) such that the following diagram commutes: 

Xi > X2 * X3 * 




Lemma 4.4. // is a D^chain, a: N —> N is an increasing map and 

(X„(„'),$„) is the a-subchain, then enrf(X„,$„) is asymorphic to end(XQ,(„), 
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Proof. There is a canonical map i: enc?(X„,$„) enc?(XQ(„), <&„) with i((x„)) = 

(■^a(n) ) ■ 

Let us define the function A: N ^ N such that A(n) = min{A: : a{k) > n\. 
Since a is increasing, it follows that A is non-decreasing and lim„^oo A(n) = oo. 
Now, consider the function F: [0, cxd) [0, oo) such that T{x) — 2'^'^^^ for a; < 1 
and for any x G (2"-i,2"], r(a;) = 2'^("), n e N. Clearly T is non-decreasing 
and liniaj^oo r(a;) = cxd. For any pair of end points {xn),(yn) G enc?(Ar„,$„) 
with D{{xn), (Un)) = 2"° the distance between their correspondent subsequences 
i{xn) = {xc.{n)),i{yn) = (2/a(n)) is exactly £''((a:„(„)),(y„(„))) = r(2"") = 2^("«). 
Then F is an extension function for i: en(i(X„,$„) ^ en(i((Xc(„) , <i>„)) and i is 
homologous. A similar argument works for the multi-map . □ 

Proposition 4.5. Consider two uUrametric spaces Ui,U2 and (X„, $„), vlf„) 
their associated -chains. Then, there is a homologous multi-map $: [/i => C/2 
if and only if there is a morphism of D+-chains (/„, a) : {Xn, $„) — ^> 

Proof. If there is a homologous multi-map $ : [/i U2, consider the map jg^ : N 
N from Making a = 7^^, $ canonically induces the maps /„ : X„ Yain) and 
the diagram commutes. 

The morphism {fn,a) induces a multi-map en(i(X„,$„) => end(Yn,"i„) 
where $((a;„)) is the set of sequences (?/„) G end{Yn, ^'n) such that ycr(n) = fn{xn)- 
It is immediate to check that this multi-map is homologous, and from Lemma l44l 
together with Proposition I4.2( it follows that there is a homologous multi-map 
$ : {7i ^ f/2. □ 

Lemma 4.6. // $; AT F is an asymorphism then there are increasing maps 
a($), Z+ ^ Z+ sMc/i 7e*(a(0) < 7e^-i(/3(i)) < + 1) for 

every i £ Z+ . 

Proof First, let a(l) = 1 and /3(1) = 7$(1). 

If we have defined a{i — — 1) for any z > 1 then, it suffices make a{i) = 

max{Q!(z — 1) + l,7$-i(/?(i — 1))} and /3(i) — max{/3(i — 1) + l,7$(a(i))}. □ 

Proposition 4.7. // (X„, $„), (y„. 5'„) are two D+-chains, then (X„,$„) ^z-z 
{Yn,^n) if and only if end{T,v) andend{T',w) are asymorphic. 

Proof. If there is a common zig-zag chain, the existence of an asymorphism follows 
immediately from Lemma 14.41 

Now, suppose that there is an asymorphism <&: end{Xn, $«) end(F„, \I>„). By 
Lemma lTBj if $ is an asymorphism then there are increasing maps a($), /3($^^) : N - 
N such that 7e,,. («(*)) ^ Pi'i), Ig^-i (/?(*)) ^ Q^i+i for every i €N. 

Therefore, <& and <i>~^ canonically induce (as we saw in 13. 8p unique surjective 
maps V2i-i : Ara(i) — >■ ^(i) and V2i' Y/3(i) — > -^a(i-i-i)- The ball associated to the 
vertex V^+i o Vk{x) will contain, by construction, the ball associated to the vertex 
X, and Vk+i o Vk coincides with the map induced by the inclusion. Therefore, 
making ^2^-1 = Xa{i) and Z2i ~ ^3(4)5 (Zn,Vn) is a common zig-zag Z)+-chain of 
(X„,$„),(^",*„). □ 

From this, and Proposition 14. 2[ it follows: 

Theorem 4.8. Two uUrametric spaces are coarse equivalent if and only if there is 
a common zig-zag chain between their associated D+-chains. ■ 
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Let (X„, <&„), ^tn) be two £'+-chains and (Z„,V„) a common zig-zag -D+- 
chain with increasing maps a, (3: N ^ N such that ^2ri-i = Xa(n) and Z2n = ^/3(n)- 
Let us define 

fz: end{Xa{n),^n) ^ end(Ya(„), ^-n) 
such that for any end point {xa{„)) e end(X„(„), $„), /z((a;a(n))) = C^2n-i(a;Q(„))) e 

Proposition 13.101 is not true in the case of D+-chains, since the induced map 
between the end spaces is not necessarily injective. There would be a bi-Lipschitz 
equivalence restricted to large scale. Moreover, 

Proposition 4.9. Given two D+-chains {Xn, $n), {Yn, ^n), then end{Xn, $n) and 
end{Yn, ^'n) are asymorphic if and only if there are increasing sequences a,j3: N ^ 
N and a map F : end(Xc((„), $„) endiYp^n)^'^ n) such that for any pair of end 

points {Xa(n)),{ya(n)) S (ind{X ^{n) , ^ n) , 

DT(j3){f{{Xain)))Ji{ya(n)))) < DT{a){{Xa(n)) a(n))) 

and if DT(a){{xa(n)),{ya(n))) > 2, then 

DT{a){{Xa(n)), (2/a(n))) < 2 • £'t(/3) (/( (a;a(«) ) ) , /( (2/a(n) ))) • 

Proof. If there is such a map F, then e?ic?(XQ(„), $„), end(y^(„), ^I^n) are, in partic- 
ular, asymorphic and so they are end{Xn, $n) and end(Vn, by Lemma l44l 

If end{Xn,^n) and end(F„,^'„) are asymorphic then, by Proposition 14.71 there 
is a common zig-zag D+-chain given by sequences a, /?. It is immediate to check 
that the map fz ■ end{Xa(^n)-, ^n) en(i(y^(„'), holds the conditions above. □ 

5. Uniform homeomorphisms 

In this section we treat the category C3 . The idea is to consider only the left side 
of the D-chain but to avoid using as index set the negative integers we change the 
orientation of the chain and therefore the construction of 7. Also, we have to be 
careful with the fact that the expansion function is defined on some interval [0, S*]. 
Let N>„o := {n e N I n > no}. 

Given a uniformly continuous map $ and its expansion function gq, : [0, S] 
[0, i] let no e N such that 2-"« < 5 < 2-"<'+i if < i or no = 1 otherwise, and 
let us define 7^^ : N>„o ^ N as follows, 

(3) 7e.W:=h'052(^>*(2-"))]. 

Hence, for all points x,x' G X, if dx{x,x') < 2"" then dy (<i>(x), $(x')) < 
2-Te«.(") and 7^,^ is non-decreasing, lim„^oo 7^^. ("-) — 00 since $ is uniformly con- 
tinuous. 

Given an ultrametric space U there is a £)_-chain associated to it. For each 
n G N let Xn be the partition of U in balls of radius 2^". Let <&„ : Xn+i Xn the 
map canonically induced by the inclusion for any n e N. (X„,<i>„) will be called 
the D --chain associated to U. Conversely, given a I?_-chain we can obtain an 
ultrametric space as follows. 

The end space is then: 

end{Xn,^n) := {(a;„)neN | Xn e Xn and $(a;„+i) = x„}, 
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and let the metric be 

2^"" if there is uq — max{ri : x„ — 
I if Xn ^ Vn Vn. 



-D((a;„), (?/„)) = 
Clearly, D is an ultrametric. 





Proposition 5.1. If {U, d) is a complete ultrametric space and (X„, $„) is the -D_- 
chain associated to U, then {U,d) and eno?(X„,$„) are uniformly homeomorphic. 

Proof. First, note that if {U, d) is complete there is a bijection i: U -~> end(X„, $„). 

Notice that, by the properties of the ultrametric, d{x, y) < 2^" if and only 
if the points are in the same ball in the partition X„. Hence, if d{x,y) < 2^", 
d{x,y) < D{i{x),i{y)) < 2d{x,y) and i is a uniform homeomorphism. □ 

In the case of uniform maps, we need to consider in the description of the mor- 
phisms of £)_ chains the radius such that the image of the ball will have diameter 
bounded by 1/2 (i.e. the interval [0, S] on which the expansion function is defined): 

Definition 5.2. A morphism of Z?_-chains {fnjTjno): (X„,$„) {Yn,'i'n) con- 
sists of a natural number uq, a non- decreasing function a: N>„o N such that 
lim„^oo crin) — oo, and maps fn ■ Xn i^o-(n) Vn > no such that the following 
diagram commutes: 

* X„ < X„+l < Xn+2 

Lemma 5.3. If (X„,$„) is a D--chain, a: N ^ N is an increasing map and 
(Xq,(„), (f>„) is the a-subchain, then en(i(X„,$„) is uniformly homeomorphic to 
en(i(X„(„),'l„). 

Proof. Consider the canonical map i : end{Xn, $n) — > s.nd(Xa(n), ^n)- 

Let us define the function A: N ^ N such that A(n) = niax{fc : a(k) < n}. 
Since a is increasing, it follows that A is non-decreasing and lim„^oo A(n) = oo. 
Now, consider the function F: [0, oo) [0, oo) such that T{S) = ^ and for any 
X e [S" • 2-", S ■ 2-"+i), T{x) = 2-'^("). Clearly F is non-decreasing, lim^^o F(a;) = 
0. For any two end points (x„),(?/„) G end(X„,$„) with D{{xn),{yn)) = 2""" 
the distance between their correspondent subsequences i{xn) — {xa(n))ii{yn) = 
(?/„(„)) is exactly £''((2;„(„)), (2/o(„))) = F(2-"'') = 2-^("«). Then F is an extension 
function for z : en(i(X„,$„) end{{Xa(n),'^n)) and i is a uniform homeomorphism. 
A similar argument works for i^^ . □ 

Proposition 5.4. Consider two complete ultrametric spaces Ui, U2 and let [Xn, *&n), 
(y„, ^„) be their associated D- -chains. Then, there is a uniformly continuous map 
<&: Ui ^ U2 if and only if there is a morphism of D--chains (/„, a, no) : {Xn, $«) 

Proof. If there is a uniformly continuous map ^ : Ui ^ U2, consider the map 
7^4. : N — > N from ^ . Making a = ■^g^ , $ canonically induces the maps /„ : Xn 
Ycr{n) Vn > no and the diagram commutes. 

The morphism (/„,Q!,no) induces a map F: enc?(A'„,$„) end{Yn,'i'n) where 
F{{xn)) is the unique sequence (?/„) S end(y„,^„) such that ^^(n) = fn{xn) Vn > 
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uq. It is immediate to check that this map is uniformly continuous, and from Lemma 
15.31 together with Proposition I5.H it follows that there is a uniformly continuous 
map ^ : Ui 1/2. □ 

Lemma 5.5. If ^: X is a uniform homeomorphism then there are increasing 
maps a($),/3($-i): N ^ N such that 7e^_i (/?(«)) < a(z), jg^ia{i + 1)) < for 
every i G N. 

Proof First, let q;(1) = 1. 

Since ^im„^oo7$-i (n) = 00 for any a{i) there exist some n^f^i) > such that for 
any n > ^^(j+i), 7$-i(n) > a{i). 

Let /3(1) = n„(i). 

Since Hm„^oo7*("-) = 00 for any there exist some n;3(i) such that for any 
n > n/3(j), 7$(") > 

If we have defined a{i — 1), /3(i — 1), then, it suffices make a{i) — max{a(i — 1) + 
l,"-/3(i-i)} and (3{i) = max{/3(i - 1) + □ 

Proposition 5.6. 7/ (X„, $„), are two D^-chains, then (X„,$„) ^z-z 

(Yn,"i'n) if and only if end{T,v), end{T' ,w) are uniform homeomorphic. 

Proof. If there is a common zig-zag D_-chain, the existence of an asymorphism 
follows immediately from Lemma [531 

Now, suppose there is a uniform homeomorphism <I> : end{Xn, $«) end{Yn, ^I/^). 
Then, by Lemma [531 there are increasing maps a{^), (3{^~^): N — » N such that 
7e^-i(/3(i)) < Ig^Hi + 1)) < /?(«) for every i e N. 

Therefore, $ and <i>~^ induce respectively unique surjective maps V2i~i ■ Yf3(i) 
and V2i' ^0(4+1) ^/3(i)- ^fc+i ° coincides with the map induced by the 
inclusion, and hence, making Z2i-^i — X^d) and Z2i = yg(i), (ZmVn) is a common 
zig-zag D^-chain of (X„, $„), (r„, □ 

From this, and Proposition 15. 1[ it follows: 

Theorem 5.7. Two complete ultrametric spaces Ui,U2 are uniformly homeomor- 
phic if and only if there is a common zig-zag D^-chain between their associated 
D --chains. ■ 

Definition 5.8. A function between metric spaces f : X ^ Y is small scale bi- 
Lipschitz if there is a constant K > and a real number e > such that for any pair 
of points x,x' d X with d{x, x') < e, ^ -dxix, x') < dy{f{x), f{x')) < K -dxix, x'). 
In there is such a map, we say that X,Y are small scale bi-Lipschitz equivalent. 

Let (X„, $„), (y„, ^tn) be two Z?_-chains and {Zn,Vn) a common zig-zag Z?_- 
chain with increasing maps a,(i: N ^ N such that Z2n-i ~ Xa{n) and Z2n — ^/3(n)- 
Let us define 

fz ■■ end{Xa{n),^n) e7id(Ya(„), !'„) 

such that for any end point (x^fn)) G 'sn(i(XQ(„), $„), fz{{xa(n))) is the unique end 
point {yi3{n)) e end(r„,*„) such that V2„-2(a;a(„)) = y^(fc-i) Vn > 2. 

Proposition 5.9. Given two D^-chains {Xn, ^n), {Y-m '^n), then end{Xn, $«) and 
end(Yn,^n) are uniformly homeomorphic if and only if there are increasing se- 
quences a, 13: N ^ N such that end{Xa{n), ^n) and enc?(y^(„), Vfn) are small scale 
bi-Lipschitz equivalent. 
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Proof. If end(X„(„), $„) and end(F^(„), Xfn) are small scale bi-Lipscliitz equivalent, 
then they are, in particular uniformly homeomorphic and so they are end{Xn, $«) 
and end{Yn, by Lemma [531 

If end{Xa(n),^n) and en(i(F^(„), are uniformly homeomorphic then, by 
Proposition 15.61 there is a common zig-zag D_-chain given by sequences a, (3. 
Then, the map fz ■ end{Xa(n)i ~^ end(Yg(„), described above, for any pair 

of end points {Xa{n)), {x'a{n)) ^ end{Xa(n),'^n) with DT(a){{Xa(n))Ax'a(n))) ^ h 

holds that 

-DT(a)((a;a(n)), «(„))) < -Dt(/3) (/z ((a^aH ) ) , /z ((a;L(„) ) )) < 2- DT(a){iXa{n)) Ax'c,(n))) 

and it is small scale bi-Lipschitz. □ 

Corollary 5.10. Two uUrametric spaces Ui, U2 are uniformly homemorphic if and 
only if there are increasing sequences a,/?: N ^ N such that en(i(XQ(„), $„) and 
end(Y3(„'), 5'„) are small scale bi-Lipschitz equivalent. ■ 

Let {U,d) be an ultrametric space and {ni),i > an increasing sequence of 
numbers. Let us define /(„.) : [0, 00) ^ N a non-decreasing function such that for 
any t > 2""!, f{t) = and for any t e (2^"'+i , 2-"'] f{t) = 2"* for every i > 1. 
Let us denote simply by [U,d{ni)) the ultrametric space {U,df^^^,^) which depends 
only on the original ultrametric and the sequence (ui). 

Corollary 5.11. Two ultrametric spaces (?7i, di), (?72, ^2) are uniformly homeo- 
morphic if and only if there are increasing sequences of numbers {ni),{mi) such 
that {Ui,di{ni)) and {U2,d2{mi) are small scale bi-Lipschitz equivalent. ■ 

6. Towers and admissible morphisms 

In [1], Taras Banakh and Ihor Zarichnyy give a classification of ultrametric spaces 
up to coarse geometry. They prove their results by induction on partially ordered 
sets called towers. The following definitions are stated as they appear in their 
paper. 

A partially ordered set T is a tree if T has the smallest element and for every 
point a; G T the lower cone J, a; is well-ordered. By the lower cone (resp. upper cone) 
of a point a; of a partially ordered set T we understand the set I x — {y (1 T : y < x} 
(resp. X = {y ^ T : y > x}). A subset A will be called a lower (resp. upper) set if 
i a C A (resp. ^ a C A) for every a G A. A partially ordered set T is well-founded 
if each subset A C T has a minimal element a ^ A. The minimality of a means 
that each point a' & A with a' < a is equal to a. By minT we shall denote the set 
of all minimal elements of T. 

Definition 6.1. A partially ordered set T is called a tower if 

(1) T is well-founded; 

(2) any two elements x^y GT have the smallest upper bound sxvp{x,y} in T; 

(3) for any x € T the upper cone '\ x is linearly ordered; 

(4) for any point a £ T there is a finite number n = levxia) such that for 
every minimal element x Gj a of T the order interval [x, a] =1 xf] | a has 
cardinality |[a;,a]| — n. 

The function levr- T ^ N, levr- a levria), from the last item is called the 
level function. 
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The level function levx- T — > N divides T into the levels Li — lev^^{i), i G N. 
The level Li = minT is called the base of T and denoted by [T]. 

Each tower carries a canonic path metric c?t defined by the formula 

dT{x,y) = 2 • levT{sup{x,y)) — (levrix) + levriy)) for x,y £T. 

The path metric restricted to the base [T] of T is an ultrametric. 

Given a tower T with levels Li, we can define a -D+-chain (Li, $i) with ^ 
Li+i such that ^{xi) — Xi+i for any Xi < Xi+i. 

Proposition 6.2. For any tower T with levels Li, end{Li,^i) is coarse equivalent 
to [T]. 

Proof. This is readily seen since D{x, y) = 2" if and only if drix, y) = 2n. □ 

For every point x G T of a tower T, the set LiH | x with i = levrix) — 1 is 
denoted pred(x) and it is called the set oi parents of x. 

Definition 6.3. Let Ti,T2 be two towers. A map 4>: A ^ T2 defined on a lower 
subset A A o/Ti is called an admissible morphism if 

(1) Zew(0(a)) = lev(a) for all a £ A; 

(2) a < a' in A implies 4>{a) < <t>{a'); 

(3) 0(a) = (j){a') for a,a' ^ A implies that a, a' G pred{v) for some v G Ti; 

(4) ipiA) is a lower subset ofT2; 

(5) \4>{max A)\ < 1, where max A stands for the (possibly empty) set of maxi- 
mal elements of the domain A. 

As we mentioned in the introduction, see ll.l4l Lemma 2 in [l] states that the re- 
striction to the base of an admissible morphism between towers is an asymorphism. 
Using -D+-chains we proof that this is in fact an if and only if condition. 

Consider two towers T, T' and their corresponding D+-chains {Xn, $n), (F„, ^Pn). 
Let {Zn, Vn) be a common zig-zag D^-chain for (X„, $„), (y„, ^Pn) with increasing 
maps a,/3: N ^ N such that ^2n-i = Xa(n) and Z2n = (^a(«), ^n), (ys(n),^'n) 

define subchains. Let T{a),T'{(3) be the corresponding subtowers of T,T' defined 
respectively by levels a{n) and f3{n), n e N and let T{a{n)) denote lev^^^^{n) (its 
n*'' level). 

Let fz- T{a) T'{(3) be such that for every n, fz\T(a{n)) — ^2n-i ■ T{a{n)) 

It is immediate to check the following: 

Proposition 6.4. Given a common zig-zag D+-chain {Zn, rn) for two towers T, T' , 
fz is an admissible map. ■ 

From Proposition l6.4l together with l4.7l and l6.2l and Proposition ll.l4l we conclude 
that 

Corollary 6.5. Given two towers Ti,T2, [Ti] and [T2] are asymorphic if and only 
if there is an admissible map f: T{a) T'{(3) for some pair of sequences a, (3. ■ 

What follows is a version of 14. 91 for the metric given here to the base. 

Proposition 6.6. Given two towers Ti,T2, [Ti] and \T2] are asymorphic if and 
only if there are increasing sequences a,/3: N — > N such that \Ti{a)] and [T2(/3)] 
are roughly isometric. 
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Proof. If [71(0;)] and [T2(/3)] are roughly isometric, then they are, in particular 
asymorphic. Proposition l6.2l and Lemma l44l yield that [Ti] and [T2] are asymorphic. 

From Corollarv l6.5[ we obtain an admissible map / : T{a) T'{P). For any pair 
of points x,y ^ [Ti{a)], condition (3) in the definition of admissible map implies 

thatdT(;3)(/W,/(y)) <dT(a)(a^,l/) <dT(;3)(/(a;),/(y)) + 2. □ 
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